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We explore the four-dimensional effective F{T) gravity with T the torsion scalar in telepar- 
allelism originating from higher-dimensional space-time theories, in particular the Kaluza-Klein 
(KK) and Randall-Sundrum (RS) theories. First, through the KK dimensional reduction from 
the five-dimensional space-time, we obtain the four-dimensional effective theory of -F(r) gravity 
with its coupling to a scalar field. Second, taking the RS type-II model in which there exist 
the five-dimensional Anti-de Sitter (AdS) space-time with four-dimensional Friedmann-Lemaitre- 
Robertson- Walker (FLRW) brane, we find that there will appear the contribution of F{T) gravity 
on the four-dimensional FLRW brane. It is demonstrated that infiation and the dark energy dom- 
inated stage can be realized in the KK and RS models, respectively, due to the effect of only the 
torsion in teleparallelism without that of the curvature. 
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Introduction — The phenomenon of the accelerated ex- 
pansion of the universe has been supported by various ob- 
servations of Supernovae la [l[, large scale structure [2| 
including the baryon acoustic oscillations [3| , cosmic mi- 
crowave background radiation [j|, and weak lensing [5[. 
This is one of the most significant problems in modern 
cosmology. Provided that the universe is homogeneous, 
there exist two representative ways of accounting for the 
current cosmic acceleration: The first is to introduce 
"dark energy" , which has negative pressure, within gen- 
eral relativity (for recent reviews, see, e.g., 16|). The sec- 
ond is to modify the gravitational theory on large scale. 
As one of the latter approaches, "teleparallelism" [7[ has 
recently been drawn much attention. The formulations 
are constructed with the Weitzenbock connection, and 
hence the action is described by the torsion scalar T, 
whereas in general relativity, the formulations are writ- 
ten with the Levi-Civita connection, and thus the action 
is represented by the scalar curvature R. It has been 
illustrated that in F(T) gravity, inflation in the e arly 
universe [Sl or the late-time cosmic acceleration J9l4ll 
can be realized. Also, it was verified that a non-minimal 
gravitational coupling of a scalar field in teleparallelism 
can explain the current cosmic acceleration |12| . Various 
theoretical issues of F{T) gravity have extensively been 
discussed. 

In this Letter, we examine the four-dimensional ef- 
fective F{T) gravity taking its origin from higher- 



dimensional space-time theories. As the first exam- 
ple, we consider the four-dimensional effective F(T) 
gravity from the Kaluza-Klein (KK) theory [l3|, [iJ]. 
By setting up the five-dimensional space-time, via the 
KK reduction to the four-dimensional space-time, we 
construct the four-dimensional effective theory, which 
is an F(T) gravity model with the non-minimal cou- 
pling to a scalar field. Next, as the second exam- 
ple, we investigate the four-dimensional effective F{T) 
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gravity from the Randall-Sundrum (RS) [15|, |16| the- 
ory, which originates from a novel KK approach in the 
brane world description [17|. We take the RS type-II 
model where there are the five-dimensional Anti-de Sitter 
(AdS) space-time and the four-dimensional Friedmann- 
Lemaitre-Robertson-Walkcr (FLRW) brane. In such a 
configuration, a contribution of F(T) gravity on the 
FLRW brane will exist. It is shown that infiation or 
the dark energy dominated stage can be realized only 
by the effect of the torsion without that of the curva- 
ture. As a result, it can be interpreted that these mod- 
els may be equivalent to the KK and RS models with- 
out gravitational effects of the curvature but just due 
to those of the torsion in teleparallelism. We use units 
of kB = c = h = I and denote the gravitational con- 
stant SttG by K^ = Sn/Mpi with the Planck mass of 
Mpi = G-i/2 = 1.2 X IQi^ GeV. 

From the Kaluza-Klein (KK) theory — In telepar- 
allelism, orthonormal tetrad components 6^(2;^) with 
A = 0,1,2,3 are adopted. Here, an index A is for 
the tangent space at each point x'^ of the manifold. 
With orthonormal tetrad components, the metric is 
expressed as g^^^, = r/ABe^e^ with // and i^, where 
fi, v ~ 0,1,2,3, coordinate indices on the manifold. 



and accordingly e^ is equivalent to the tangent vector 
of the manifold. This is called the vierbein. The 
relation e^e^ = 5'f^ defines the inverse of the vierbein. 
The torsion and contorsion tensors are defined as 
T"^. ^ V\^, - rP^, = e\ {d^et - d.e^) with T" ^^ ^ 
e'^dfj,e^, being the Weitzenbock connection without cur- 
vature, and !<''•' p = -{l/2){Tf"'p- 
the contortion tensor, respectively, 
sion scalar is constructed as T = 
(1/4) yPM-r^^^ + (1/2) r^^-^r.^p - Tp^PT-^",, where 
Spf"" = {l/2){K''% + S^T"'\-S•;,T"'^'^) is the su- 
perpotential. Consequently, the teleparallel Lagrangian 
density is described by the torsion scalar T, although 
the Einstein-Hilbcrt action is represented by the scalar 
curvature R in general relativity. The modified telepar- 
allel action describing F{T) gravity [10[ with matter 
is 
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where 



det 



= ^/—g with g the determinant of 
the metric g^i/ and Cm is the matter Lagrangian. In what 
follows, we concentrate on the part of gravitation of the 
action. 

First, we explore the four-dimensional effective F{T) 
gravity from the KK theory. We sup pose that the pro- 
cedure of the KK reduction [13l . Il4| can be applied to 



the modified teleparallel gravity in the same manner as 
in general relativity. The action of F{T) gravity in the 
five-dimensional space-time is expressed as [l8[ 
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where ^^'e = y^^^g with '■^'^g the determinant of the 
metric ^^'g^v in the five-dimensional space-time, k\ = 
SttGs = ((^^Mpi) with Gs the gravitational constant 

and Mpj the Planck mass in the five-dimensional space- 
time. Here, the superscript or subscript of (5) or 5 mean 
the quantities in the five-dimensional space-time. In ad- 
dition, '5'T is the torsion scalar in the five-dimensional 
space-time, where the Latin indices a, 6, . . . run over 
0,1,2,3,5 and "5" denotes the component of the fifth 
coordinate. The form in Eq. (j3|) is equivalent to that in 
the four-dimensional space-time shown above [18[. We 
now consider the following original KK compactification 
scenario in case of the five-dimensional space-time. One 
of the dimensions of space is compactified to a small cir- 
cle and the four-dimensional space-time is extended in- 
finitely. The radius of the fifth dimension is taken to 
be of order of the Planck length in order for the KK ef- 
fects not to be seen. Thus, the size of the circle is so 
small that phenomena in sufficiently low energies cannot 



be detected [l3|, [14 1. Provided that the metric in the 
five-dimensional space-time is described as the following 
diagonal form 



(5) 
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with (p = (p/ip^, a homogeneous scalar field depending 
only on time, where (/> is a dimensionless quantity, (^ is a 
homogeneous scalar field having a mass dimension and (p* 
is a fiducial value of ip. We represent (f)"^ ~ TZ^9^, where TZ 
is the radius of the compactified space, and the orthonor- 
mal tetrad components in the one-dimensional compact- 
ified space is written by the dimensionless coordinates 



9 such as an angle. We also find 



-gT^Vg- 



Here, g is the determinant of the metric corresponding 
to the pure geometrical part represented by 9 and rele- 
vant to the compactified space volume Vcom = / gd9 [iJ] . 
^ = diag(l, 1, 1, 1,0) and the 
1,-1). For the action in the 
five-dimensional space-time in Eq. ^ with Eq. ([3|), by 
adopting the above expressions of e^ and rjab to analyze 
'^^^S' and *^5)r, the effective action in the four-dimensional 
space-time through the KK compactification mechanism 
explained above can be described as 



In this case, we take 
r]ab == diag(l,-l,-l. 
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The appearance of 4> on the right-hand side in Eq. ([5|) in 
front of the function F comes from the relation p^el = 
4>\e\ due to the KK dimensional reduction. Furthermore, 
the form of '^^^T is the same as that of T, and the part 
of the 0, . . . , 3 of "-^'gab in Eq. (|4]) is g^i,, i.e., the metric 
in the four-dimensional space-time. Hence, the form of 
the torsion scalar through the KK dimensional reduction 
to the four-dimensional space-time, which is the argu- 
ment of the function F on the right-hand side in Eq. ([5|) , 
would consist of T and the other part in terms of (j), 
which is related to the size of the compactified space. 
We note that the form of the function F itself would not 
be changed by the KK dimensional reduction. Our KK 
reduced action in Eq. ([5]) is compatible with the results 
in Ref. [19|. Also, we mention that the investigations in 
the case with the non-diagonal form of the metric in the 
five-dimensional space-time have also been executed in 
Ref. [20[. Here, as a simplest example, we consider the 
case of teleparallelism, i.e., F{T) = T in Eq. ^. The 
metric of the flat FLRW universe is written as ds^ = 
di^ — a?{t) X]i=i 2 3 {dx^) with a the scale factor and 
H = a/a the Hubble parameter, where the dot denotes 
the time derivative of d/dt. For this space-time, we have 
Ppi, = diag(l, — a^, — a^, — a^) and e^ = diag(l,a, a,a). 
These expressions lead to the relation T = —6H^. In 
this background, the gravitational field equations read 

(1/2) 03(^2 _ 3^2^ ^ Q ^^^ (^/2) 0302 + H(j) + H4: = 

[12l | . Furthermore, the equation of motion of (j> becomes 



<j)^4> + (3/2) (j)'^<i)'^ + 3i?03^ _^ 3^2 ^ Q_ i^ deriving these 
equations, we have used the relation T = —6H^. In the 
Umit i — > and H = i^inf ~ constant, which can be re- 
garded as the Hubble parameter at the inflationary stage, 
for (/) > 0, we acquire a solution of the gravitational field 
equations cj) = (3/2) ' exp (— SiJinfi)- If Hmt <C 1, the 
equation of motion of (/) could also be satisfied approxi- 
mately. It is significant to emphasize that the contribu- 
tion of the effect of the KK compactification, namely, the 
role of extra dimensions, is to lead to the scalar field (j) 
in the gravitational field equations. 

From the Randall- Sundrum (RS) theory — Next, we 
explore the four-dimensional effective F(T) gravity from 
the RS theory with the procedure in Ref. [1^. In the 
RS type-I model 15[, there are a positive tension brane 
at y = and a negative one at y = s, where y is 
the fifth direction. Suppose that the metric describ- 
ing the five-dimensional space-time is given by ds^ = 
e-^\y\l^gf,^{x)dx^'dx'' + dy^ with / = v^-S/Ag, where 
Q-'^\v\/i ig the warp factor and A5(< 0) is the negative 
cosmological constant in the bulk. It is known that for 
the RS type-I model, the effective gravity theory in four- 
dimensions is the Brans-Dicke (BD) theory with the BD 
parameter ojbd = (3/2) (e^'''/' — l) , where the sign (±) 
corresponds to that of the brane tension [21[ . 

On the other hand, in the RS type-II model |16| . 
there is only one brane with the positive tension floating 
in the AdS bulk space and hence the negative-tension 
brane does not exist. This configuration can be real- 
ized by the RS type-I model [15[ with two branes in the 
limit s — >■ oo. We start with the equation in the five- 
dimensional space-time with the brane whose tension is 
a positive constant. We consider that the vacuum solu- 
tion in the five-dimensional space-time is AdS one, and 
that the brane configuration is consistent with the equa- 
tion in the five-dimensional space-time. This implies that 
the brane configuration with a positive constant tension 
connecting two vacuum solutions in the five-dimensional 
space-time, namely, the condition of the configuration is 
nothing but the equation for the brane. In Ref. 1221 . 
using the analysis in Ref. 



23|, the RS type-II model in 



teleparallelism has been considered. The procedure is as 
follows, (i) The corresponding Gauss-Codazzi equations 
in teleparallelism, namely, the induced equations on the 
brane, is examined by using the projection vierbein of 
the five-dimensional space-time quantities into the four- 
dimensional space-time brane. (ii) The Israel's junction 
conditions to connect the left-side and right-side bulk 
spaces sandwiching the brane are investigated. The first 
junction condition is that the vierbeins induced on the 
brane from the left-side and right-side of the brane should 
be the same with each other. Moreover, the second junc- 
tion condition is that the difference of the superpotential 
between the left-side and right-side of the brane comes 
from the energy-momentum tensor of matter, which is 
confined in the brane. (iii) Provided that there exists Z2 



symmetry, i.e., y <->■ — y, in the five-dimensional space- 
time, the quantities on the left and right sides of the 
brane are explored. The difference between the scalar 
curvature and the torsion scalar is a total derivative of 
the torsion tensor 18|, |2J] . This may affect the boundary. 
It has been shown that in comparison with the gravita- 
tional field equations in general relativity [23|, |25|, the 
induced gravitational field equations on the brane have 
new terms, which comes from the additional degrees of 
freedom in teleparallelism. These extra terms correspond 
to the projection on the brane of the vector portion of 
the torsion tensor in the bulk. 

Through the procedure explained above, we find that 
for F{T) gravity, in the fiat FLRW background the Fried- 
niann equation on the brane is given by 



H 



2 dF{T) 
dT 
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[F{T) - 4A - 2k' pM 



^) QpI, 
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with Q = (11 - 60wM + 93w^) /4. We note that Q in- 
cludes the contributions from teleparallelism, which do 
not exist in general relativity [22| . Here, wm = Pm/pm 
with the energy density pM and pressure Pm of matter, 
assumed to be a perfect fiuid, is the equation of state 
parameter for matter confined to the brane, the effec- 
tive cosmological constant in the brane is A = A5 4- 
(k|/2) A^ with A(> 0) the tension of the brane and 

G = [1/ (Stt)] (K5/2) A. Clearly, the significant contri- 
butions from the fifth dimension to the Friedmann equa- 
tion on the brane are the second term and the fourth 
term proportional to p^ on the right-hand side in Eq. ([6|. 
Furthermore, the function of F(T) induced on the brane 
would be considered to be the same as that in the five- 
dimensional space-time. In the dark energy dominated 
stage, the energy density of non-relativistic matters with 
Wm = 0, i.e., cold dark matter and baryon, is so much 
smaller than that of the cosmological constant that the 
second and third terms on the right-hand side can be 
neglected. For teleparallelism with the cosmological con- 
stant in the five-dimensional space-time, F{T) = T — 2A5 
in Eq. ([6]), we obtain an approximate de Sitter solution 
on the brane H = 7?de = \/ ^5 + k|A^/6 = constant and 
a{t) = Ode exp [TJde^] with a\y^(> 0) a constant, where 
we have used T = —6H'. Therefore, for the late time 
cosmic acceleration can be realized. We mention that for 
F{T) = T, A = and Q = 8/3 realizing ff wm = -5.5 x 
10"^ we find H' = (kV3) Pm [1 + m/ (2A)], which is 
equivalent to the Friedmann equation in the brane world 
scenario [26|. Moreover, for a power-law model such as 
F{T) = T'^/M'^+aA^ in Eq. jS]), where M is a mass scale 
and a is a constant, we find a similar approximate de Sit- 
ter solution H - "^ - r/)ilr2/ino\ ^1 1/4 

with J 



Hue = [(MV108) j] ' = constant 
a - 4) As - 4 (^5/2)^ A^. It should be can- 



tioned that the condition on F{T) gravity for the AdS 
configuration in the bulk to be reahzed has to be shown 
in future work. In addition, four-dimensional bouncing 
F(T) cosmologies |27[ unifying inflation with the late- 
time cosmic acceleration due to dark energy have been 
discussed. Such cosmologies may be reconstructed also 
in F(T) gravity from the RS brane world scenario. 

Summary — We have studied the four-dimensional ef- 
fective F{T) gravity coming from the higher-dimensional 
KK and RS space-time theories. With the KK reduction 
from the five-dimensional space-time to the four dimen- 
sions, we have built the four-dimensional effective theory 
of F{T) gravity coupling to a scalar field. Moreover, for 
the RS type-II model consisting of the five-dimensional 
AdS space-time and the four-dimensional FLRW brane, 
we have also shown that the contribution of F(T) gravity 
appears on the four-dimensional FLRW brane. Further- 
more, it has been verified that inflation or the late time 
cosmic accelerated expansion can occur only through the 
effect of the torsion without that of the curvature. Thus, 
these models can be regarded as the KK and RS mod- 
els constructed by not the curvature effect but only the 
torsion one in teleparallelism. 
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